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INTERPOLATING SEQUENCES IN POLYDISKS
BY

ERIC P. KRONSTADT(})

ABSTRACT. Let D" be the unit polydisk in C", A be a uniform alge-
bra, H"(Dn, A), the space of bounded analytic 4 valued functions on D",
INA, the space of bounded sequences of elements in 4. A sequence, § =
{“i}?:l c D" will be called an interpolating sequence with respect to A if the
map T: H“(D", A)— 1”A given by T(f) = {f(ai)}?f___l is surjective. In 1958,
L. Carleson showed that for n = 1, § is interpolating w.r.t. C iff S satisfies
a certain zero-one interpolation property called uniform separation. We generalize
this result to cases where n > 1 and A # C. In particular, we show that if
scp” is uniformly separated and S C W1 X Wz XX Wn (where each
Wl- is a region in D lying between two circular arcs which intersect twice on
the boundary of D) then S is an interpolating sequence w.r.t. any uniform
algebra. If § C D" is uniformly separated and S C D X W2 X+ X W, then
S is interpolating w.r.t. C. Other examples and generalizations of interpolating
sequences are discussed.

Let A be a uniform algebra, i.e. a closed subalgebra of the continuous
functions on a compact Hausdorff space which separates points, contains constants,
and is equipped with the sup-norm topology. (See [2] and [7] for detailed de-
scriptions of uniform algebras.) Let D" be the (open) unit polydisk in C”; let
H”(D™, A) be the Banach algebra of bounded, analytic, A-valued functions on
D" equipped with the sup-norm (see [5, pp. 224—232] for a description of such
functions); and let /A4 be the Banach algebra of bounded sequences of elements
of A. If S= {g;};Z, CD" is a sequence of points in D", we can define a
map, T: H"(D", A) —I"A by T(f) = {fla;)}=,. We will say S is an inter-
polating sequence w.r.t. A if T is surjective. If S is an interpolating sequence
w.r.t. C, we will simply say S is an interpolating sequence, and if S is an

Received by the editors May 23, 1973.

AMS (MOS) subject classifications (1970). Primary 30A80, 46J10, 32E25; Secondary
30A96, 32A30, 46J15.

Key words and phrases. Interpolating sequence, uniformly separated sequence,
general interpolating sequence, nontangential wedge, uniform algebra valued functions.

(1) The results presented in this paper represent part of the author’s doctoral disserta-
tion which was written at Harvard University under the direction of Professor Andrew M.

Gleason.
Copyright © 1974, American Mathematical Society

369



370 E. P. KRONSTADT

interpolating sequence w.r.t. every uniform algebra, we still say S is a general
interpolating sequence.

If §= {g};Z, CD" is an interpolating sequence, then it is known that S
must be uniformly separated, i.e. there exists a constant M and functions f;,
f2s* - €HT(D™) such that for all i, I}l <M and ffa,)=1 while f; is
zero on the remaining points of S. (We will use H~(D") for H”(D", C).) In
1958, L. Carleson [3] showed that for S CD (D = D'), uniform separation is
a necessary and sufficient condition that S be an interpolating sequence (w.r.t.
C). In this paper we attempt to extend Carleson’s results to sequences in D"
and to general interpolating sequences. We succeed to the extent of showing that
uniform separation is sufficient in a large class of sequences in D" and D.

After introducing notation in §1, we review in §2 some of the concepts
and results presented in [10]. §§3 and 4 are devoted to a number of techniques
for constructing general interpolating sequences. §5 contains the main result of
this paper demonstrating that uniformly separated sequences in “wedges” of D"
are general interpolating sequences. §6 presents some miscellaneous examples of
general interpolating sequences, and the last section indicates some directions in
which all these results might be generalized.

1. Throughout this paper, A will be a uniform algebra. We will let m,
denote the maximal ideal space or spectrum of A. m, is of course a subset of
A*, the dual space of A, and as such can be equipped with the weak-* topology
in which it is a compact Hausdorff space. We will identify elements of 4 with
their Gelfand transforms, so we may consider elements of A as functions on m 4

It should be noted that m, is naturally supplied with two topologies as a
subset of A*—the weak-* topology and the norm topology. We will sometimes
have occasion to use both, and it may also happen that subsets of m 4 are natu-
rally associated with other topologies. Throughout this paper, if @ C m,, we will
consistently use the symbol CI(Q) to represent the weak-* closure of Q and
will explicitly mention all other topologies. We will also use the symbol Hk (Q)
for the hull of the kernel of Q, i.e.

Hk(Q) = {s € m,: x(s) =0 for every x €A for which x(Q) = 0}.
The norm topology for m, is equivalent to the one induced by the
“pseudo-hyperbolic” metric:

oz, w)=Sup{Ix@@): x€ 4, Ixl <1 and x(w) = 0}.

We will use D to represent the open unit disk in the complex plane, C,
and D" for the open unit polydisk in n-dimensional complex space C". T™
will refer to the essential boundary of D", i.e.
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™ = (D), 2 ... e ¢ 120 =1 forevery j,j=1,---,n}.

H*(D) and H”(D") are, of course, the algebras of bounded analytic complex

valued functions on D and D" respectively. H™(D, A) and H™ (D", A) will

be the algebras of bounded analytic A-valued functions on D and D" respectively.
my, m, will be written instead of myep) and Mye(pn) and points in

D (or D™) will be identified with their associated point evaluation in m,; (or

m,,). Finally, we will often (but not always) use a subscript for the pseudo-

hyperbolic metrics on m,, e.g. p; will be the pseudo-hyperbolic metric on m,.

These metrics can be described for the cases where points are contained inside

the polydisk involved, ie. for n =1,z w € D, then p,(z, w) =

Iz = w)/(1 —zw)l. For n>1

(zD, 22 o Zy (1) .. (m)y e i
then

pn((z(l)’ cee, z(")), (w(l)’ “e e, w(”)))

= Max {pl(z(j), w):j=1,2,---,n}k

In other words, the pseudo-hyperbolic distance between two points in D" is the
maximum of the pseudo-hyperbolic distances of the projections of the points on
each of the coordinate axes.

2. General interpolating, uniformly separated, and o-separated sequences.
If S is an interpolating sequence w.r.t. 4, the map T: H(D", A) = I"A4
described above is surjective, and the open mapping theorem implies the existence
of a constant M, such that for any element {X;};2, €14, there exists
FEH™(D", A) such that Ifl <M, (Sup;IX;l) and fle)=X,i=1,2,-*
Any such M, will be called an interpolating bound for § w.r.t. 4.

ProrosSITION 2.1. If S is a general interpolating sequence, there exists a
single constant M with the property that if A is a uniform algebra, there is an
interpolating bound for S w.r.t. A which is less than M.

ProoF. For any uniform algebra A4, let N, = Inf {M: M is an inter-
polating bound for S w.r.t. A}. Suppose the theorem is false, then we can choose
uniform algebras 4,, 4,, - - so that NAk =2k for k=1,2,:--. Consider
the Cartesian product Q=A4, xAy; x A3 x -+, and the algebra 4 =
{x =(x;, x5, - YEQ: Sup; lIx;l, <e}. A will be a Banach algebra under
coordinate-wise addition and multlphcatlon and the norm given by lxll =
IKx,, x5, x5, -+ Y = Sup; {Ix;l, ;J- Since A; is a uniform algebra Ix?1,
(CAN )2 for all x; € A;, hence “Ix2l = IxI? forall x €4, and oonsequently
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the Gelfand transform of A4 is an isometric isomorphism, so A is isomorphic
to a uniform algebra. We note that the projection maps mii A — A; areall
linear, of norm one. Let M be a general interpolating bound for S with re-
spect to A. Fix k>M, and consider y,, y,," €4, such that ly;l, <
1. Define tIGA by = 0,0,---, O,yj, 0,:--) (where the y; isin the
kth place); then g <1 for all j. Hence there is a bounded analytic function
f: D" — A such that fap)=1¢ for j=1,2,--+ and Ifizx)Il <M for all
z€D". Then g=m°f will be a bounded analytic function, g: D" — 4 X
such that g(@;) =y; for j=1,2,---, and ||g(z)IIAk <M forall z€D".
Therefore N . <M, which contradicts kK <N, . and M <k, so that the
Ap’s must not have existed in the first place.

DEFINITION 2.2. Any constant M with the property of Proposition 1.1
will be called a general interpolating bound for S.

DEFINITION 23. A sequence S = {g;};_, C D" will be called a uniform-
ly separated (u.s.) sequence if there exists a constant M >0 and functions f;,
f2,°* - €H(D") with the property that If;}l <M forall i, and f,(g;) =1
while f,(ai) =0 for i#j,i=1,2,---. If S is us., the constant M will
be called a u.s. bound for S.

We have noted in the introduction that if S C D, then S is interpolating
iff S is u.s. In this case, by means of Blaschke products, we see that S is a
u.s. sequence in D iff

a;—a;

Inf JI =

—L>0.
1 j=1;j#1 a;a;

This last condition is equivalent to the following property: There exist constants
M>0 and p>0 and functions 6,,0,," - €H"(D) such that

(1) lg,I<1 forall i

(2) 6,a;) =0 while |6,a)l>p if i#].

3 zZZ,1- 10/@)l <M for all i

) Z;;l [1 =6(2)] converges uniformly on compact subsets of D.

(The function 0,(z) is just a/la;l - (a; = 2)/(1 — ;2).) We define a similar,
stronger, property which is sufficient for general interpolation.

DEFINITION 24. A sequence S = {g;};Z, C D" will be called a-separated
if there exist constants m, p > 0 and functions «a,, a,, a3, -+ € H~(D") such
that

M) gyl <1 forall i

(2) ofa;) =0 while @)l >p for i#].

(3 ZZ, 1 -af@)<m forall i

@ z,1n- a(z)l converges uniformly on compact subsets of D".
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Note. Definition 2.4 includes sequences in polydisks, and the four condi-
tions differ from the four listed above only in the placement of the absolute
value signs in (3).

THEOREM 2.5. If §= {a;};2=, CD" is a-separated, then S is a general
interpolating sequence with bound depending only on the parameters m, p of
the definition of o-separation.

ProOF. This is Theorem 2.2 of [10].

3. Jiggling theorems. We would like to apply Theorem 2.5 to a fairly
general class of sequences in D". In order to do this, we will have to develop
some techniques for constructing new interpolating sequences from old ones. The
first of these techniques involves “jiggling” the points of a known interpolating
sequence. The other techniques include taking unions and Cartesian products of
two or more sequences. The jiggling theorems provide a small neighborhood
around each point of an interpolating sequence in which that point is free to
move without affecting the interpolating property. They are based on the follow-
ing two elementary lemmas.

LEMMA 3.1. Suppose A, B are two Banach spaces and T € Hom (4, B)
and E C B is the unit ball of B. Suppose there exist constants 0 < k < 1
and K >0 such that forall Y EE, thereisan X € A such that \'TX - Yl
<k and IXI <K, then T isonto, and forall Y in B there exists X in
A such that TX =Y and IXI <K/(1 - k).

PROOF. See for example Theorem 1.2 of [1] for a generalization.

LemMmA 32, If f: D" — A is analytic, If(2)I<1 forall z € D",
then for z, w € D", If(z) — fw)I < 2p(z, w).

PROOF. Let z, w € D" be fixed, and choose ¢ € A* (4* is the dual
space of A) such that llgll =1 and ¢(f(z) — f(w)) = If(z) = fw)l. Let F=
¢of, then FEH”(D") and IFI<1, so

2) — F(w

1 = F(z)F(w)

hence |F(z) — F(w)l < 2p(z, w). Consequently I f(z) — fW)ll < 20(z, w).

< p@z W),

THEOREM 33. If S = {a;};2, C D" is an interpolating sequence w.r.t.
A with interpolating bound, M (w.r.t. A), and € <1/4M,, and if we choose
b, € D" such that p,(a, b)) <e forall i,i=1,2,--- then T= {b;}}2,
is an interpolating sequence with bound 2M, (w.r.t. A).
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PROOF. Let E be the unit ball of 4. If {X,};_, €F and f: D" —
A is an analytic function with f(g;) = X; and Ifl <M,; then

IRB) - X1 = 1A, - fla)l < 2M,p,(a;, b)) < .

Hence Lemma 3.1 applies and T is an interpolating sequence w.r.t. 4 with
bound 2M,.

COROLLARY 3.4 (JIGGLING THEOREM FOR GENERAL INTERPOLATING
SEQUENCES). If S = {a;};~.,D" is a general interpolating sequence with general
interpolating bound M, and € = 1/4M, and if we choose b; € D" such that
pua, b)<e for i=1,2,--, then T= {b;};_, isa general interpolating
sequence with bound 2M.

The jiggling theorems tell us that a sequence which is “close” to a given
interpolating sequence is also interpolating. We can attempt an analogous charac-
terization of u.s. sequences. We remark that although we generally take the
terms “interpolating” and “uniformly separated” to apply to infinite sequences,
they can also be applied to finite sets of points. Shapiro and Shields [14] show-
ed that a u.s. sequence (finite or infinite) in D with u.s. bound 1/§ is inter-
polating, with interpolating bound (2/6%)(1 — 2 log 8) or, put another way, if
SCD isa us. sequence with us. bound 1/ and % is a bounded function
on S, lalg,, < 85/2(1 — 2 log 8), then there exists f € H*(D) such that
frS=h and lfl <1. We will use the last estimate frequently, so in order to
simplify the notation we will write

k(8) = 8%/2(1 — 2 log §).
The following theorem shows that if a sequence in D is “almost” uniform-

ly separated, then it is indeed u.s.

THEOREM 3.5. Let S = {a;};2; C D and suppose there exists a constant
m, 0<m <1 and functions f,, f,," € H (D) such that

IFl<1 for i=1,2,--+; |ff@)I>m for i=1,2,---;
and
1fi@)| < e = (m/2k(m/2) for i#].

Then S is uniformly separated (hence interpolating) and S has u.s.
bound 2[m.

Proor. For N=2,3, -+ we show that any set T of N distinct
points of S is uniformly separated with u.s. bound 2/m. The theorem then
follows from standard pointwise limit arguments for H™ (D).
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We proceed by induction. If N =2, let z, w be two distinct points in
S. The hypothesis of the theorem guarantees the existence of f€ H™ (D), Ifl <
1, IAz)| >m while |Aw)l <ey, <m/2. Hence

o, wy > [J2LEN > 1)1 - 170l > m - e > 2,

so our assertion is true for sets of two points.

Suppose we have demonstrated our assertion for sets of N —1 or fewer
points of S. Let T consist of N distinct points of S and let z, € . Let
Q =T\{z,}. The hypothesis of the theorem guarantees the existence of f€
H*(D) such that IfI <1, |f(w) <e, forall w€ Q, and |fizy)| >m. De-
fine F: Q— C by

Fw) = flw)(1 = wzy)/(w — z,) for wE Q;

then for all w € Q, |[F(w)l <2¢y/m (since (1 — wzg)/(w—2zg)l = 1/p(zg, W), We
can apply the case N = 2).

By the induction hypothesis, since @ has N — 1 points, Q is u.s. with
u.s. bound 2/m. Consequently we can apply the Shapiro and Shields result to
obtain A € H”(D) such that lall<1 and A } Q =F. Define g € H*(D) by

1 272
£) = 5<f(2)- = @)
Then lgl<1,g(w)=0 forall w€ Q= T\{z,} and lg(zy)l > m/2. This
argument will produce such a function for any point in T, hence T is us.
with bound 2/m. The induction argument and thus the proof of Theorem 3.5
is complete.

We remark that a theorem similar to Theorem 3.5 is always available when-
ever uniform separation is necessary and sufficient for interpolation and an ex-
plicit expression for the interpolating bound of a sequence, given its u.s. bound,
is available.

For sequences in polydisks, Theorem 3.5 has the following consequences.

Let a ={a™), a®,---, a™)y€ D" andlet r<1; consider the region
D@ = {z=W, -, 20 p D, aP)<r forall j=1,2,""",n
except j =Kk}. D;(a, r) might be called a “narrow polydisk” in the sense that
all but one of its polydisk radii are small. D,(a, r) contains a copy of D ob-
tained by the embedding

0.z — (a(l), e ’a(k'_l), z, a(k+l), e, a(”))’

and D,(a, r) consists of points in D" whose pseudo-hyperbolic distances from
this disk are less than ». Theorem 3.5 implies that a u.s. sequence contained
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in a suitable narrow polydisk is interpolating.

COROLLARY 3.6. Suppose S = {a;};_, CD" isa u.s. sequence with
u.s. bound M, and suppose there exists a € D" such that S C Dy(a, €,)
where €, = (1/4M)k(1/4M). Let m;: D" — D be the projection onto the jth
coordinate axis for j=1,2,-+,n. Then m/(S) is us. in D with u.s.
bound 4M and consequently S is interpolating.

PROOF. Let 0:z — (@), - -+, gk=1) z gk+1) ... 4(n)y and let
T=0°m sothat 7: D" — o(D). Clearly, if z € Dy(a, €,) then
Pn(z, 7(2)) < -

S uniformly separated with bound M means that there exist functions
fio [y - ,EH™(D™) such that If;l <1 forall i and

0 if i#j

fia) = {I/M if i=;".
Then since p,(a;, 7(a;)) <e€p <1/2M for all i|f(r(@))| > 1/2M for all i, and | @)l <
€o = (1/4M)k(1/4M) for all i #j. So,if g;=f;° 0,8, €EH" (D), lg;1 <1 and
lgdme@) > 1/2M for all i and |g(m (@)l < (1/4M)k(1/4M) for all i # .
Therefore, m,(S) = {m(a)}>, C D satisfies the hypothesis of Theorem 3.5 with
m = 1/2M and is consequently u.s. with bound 4M. Finally, m,(S), uniformly
separated in D, implies m(S) is interpolating, so if (A;, A,,- - ) EI”, there
exists h € H”(D) such that (h o m)(e;) = h(m,(a;)) = N;. Clearly hom €
H”(D™), so S is interpolating.

4. Cartesian products and unions. Taking Cartesian products of general
interpolating sequences preserves the general interpolating property because
H™(D", A) is itself isomorphic to a uniform algebra. (Obviously H”(D", A) is
a Banach algebra and it is clear that if f€ H*(D" A), If21= lfI? since A
is a uniform algebra. Therefore, the Gelfand mapping for H*(D", A) is an
isometric isomorphism, and H”(D", A) is isomorphic to a uniform algebra.)

PropoSITION 4.1. If S = {a;};Z, C D" is a general interpolating sequence
with bound M, then S x S C D" is a general interpolating sequence with
bound M2.

PROOF. Let A be any uniform algebra.

If {X,j};?;l; j=1 CA then for each i, there is f; € H"(D", A) such
that ffa;) = X;; where If;l <M sup;IX;l. But we can interpolate into
H”(D", A) i.e. there exists F: D" — H”(D", A) such that F is bounded and
analytic, F(a;) =f; and

IFZ)! <M Sup If} <M? sup IX; Il for each z € D".
i i,j
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Let G: D" — A be defined by G({z, w)) = (F(2))(w); then G will be
analytic, 1G(z, w)I <M? sup, ; 1X;;ll for all <z, w) €D" x D" and

G(a;, ap) = (Fa)Nay) = f@)) = X};.

The above arguments also show that if S,, S,,* -+ C D" are interpolating
sequences (w.r.t. 4) each with bound M, and T, T,, T3, - - CD" are
generally interpolating sequences, each with bound M,, and S = {g;};2, C D*
is a general interpolating sequence with bound M,, then the sequence
{{g;} xS}, € D"*¥ s interpolating w.r.t. 4 with bound M M,, and the
sequence {{g;} x T}};Z, CD™¥ s a general interpolating sequence with bound
M,M,.

In order to take the union of two interpolating sequences, we simply need
a function which vanishes on one sequence and is a nonzero constant on the
other. (See the work of Varopoulos [16] for other results on the unions of inter-
polating sets.)

PROPOSITION 4.2. If A is a uniform algebra, and Q and R are any two
subsets in m 4, Hk(Q) N Hk(R) = & implies the existence of elements x and
y in A such that

x(@)=0, x(R)=1, and y(@)=1, yR)=0.

PrOOF. Let IQ be the ideal (kernel) generated by Q, i.e. IQ ={x€
A: x(Q) = 0}, similarly define I, and let I be the ideal generated by IQ 0]
I, . If there is a maximal ideal m € m, containing I then x(m) =0 for all
x €I, Ulg. Hence m €Hk(Q) N Hk(R) which is impossible. Therefore,
I =A and there must exist x € IQ and y €I, such that x +y = 1. Clearly
x and y are the desired functions.

In the following theorem and corollaries we re-emphasize that the symbol
Cl represents the weak-* closure in the maximal ideal space.

THEOREM 4.3. If S C D" is an interpolating sequence (w.r.t. C) then
C1(S) = Hk(S).

PrOOF. Clearly Cl(S) C Hk(S). Suppose z € CI(S). Then there exists
a weak-* neighborhood N of z which is disjoint from C1(S). N will contain
a basic neighborhood of the form {w € m,,: |f(w)l <e where f; € H"(D"),
f{z)=0 for i=1,2,---,k}. Hence CI(S)=UL,S; where S;=CI(S)N
{w: If;(w)] > €/2}. Foreach i,i=1,2,---,k, 1/f(S) will be a bounded con-
tinuous function on the closed subset S; of the compact Hausdorf space CI(S),
so 1/f; has a bounded continuous extension to all of CI(S); call this extension
h;. S an interpolating sequence implies the existence of g; € H™(D") where '
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g ! S =hy, in particular, g; I S; = 1/f;. Therefore, 1-g;f; € H"(D") and
has values 1 at z and O on S;. Finally let f= II;;I(I -gf), fEH"(D"),
=1, and fIS) =0, so z €Hk(S).

COROLLARY 44. If S and T are (general) interpolating sequences in
D" with disjoint weak-* closures in m,, then S T is a (general) interpolating
sequence.

PROOF. Suppose S and T are interpolating w.r.t. 4. By Theorem 4.3,
Hk (S) N Hk(T) = &. Hence by Proposition 4.2 there exist f, g € H~(D") such
that ) =0,f(1) = 1,g(S) = 1, and g(T) = 0. Suppose we want to inter-
polate X; at each point a; of S and Y; at each point b; of T, where
Ky (V) €174,

We know there exists h,, hy € H" (D", A) such that h,(a;) = X; and
h,(b)=7Y; Solet h=gh, +fh,.  h€ H°(D", A) and h(g;) = X; and
h(b) =Y, forall i

We put the above results in a framework which we will find most useful.

PROPOSITION 4.5. Suppose m, =G, UG, U---UG,, whereeah G,
is a weak-* open subset of m,, and suppose S C D" is a discrete sequence
such that S N G; is an interpolating sequence w.rt. A for i=1,2,---,m.
Then S is an interpolating sequence w.r.t. A.

PrROOF. We recall that interpolating w.r.t. 4 automatically implies inter-
polating w.r.t. C. Also we remark that if Q is an interpolating sequence (w.r.t.
C) in D", and T C Q, then there exists f€ H”(D") such that AT) =0
and Q\T) =1, hence CI(T) N CI(Q\T) = &.

Let S, =8N (G, VG, VU -UG,) weshow S, isinterpolating w.r.t.
A for k=1,2, -+, n By hypothesis, S, isinterpolating. Suppose S,_,
is interpolating w.r.t. 4. Let G=G, UG, U --UG,_,; sothat §,_, =
SNG andlet T=S5N(G,\G), then S;_,; and T will be disjoint inter-
polating sequences w.r.t. 4. We show CI(S,_,) N CI(T) = & in which case
Corollary 4.4 will imply S, =S8, _, U T is an interpolating sequence w.r.t. 4.

For any j, (Sx_; NG) VU (TN G) CSNG; and by hypothesis
(Sx—1 NGY V(T NG)) is interpolating, so by the remark at the beginning of
this proof Cl(S,_, NG N CI(T N G;) = &. Now suppose a € CI(S,_,;) N
CI(T), then a € m, implies a €G; for some j and since G; is an open set,
a€CI(Sx_; NG)NCI(TNG) = &. Hence CI(S,_,)NCI(T) =& as
desired.

We remark that the above proposition is clearly true if we replace the
phrase “interpolating w.r.t. 4” with “general interpolating”. Finally, we give a
set of concrete conditions under which we will be able to apply Proposition 4.5.
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LEMMA 4.6. Suppose we are given F, Fy,- -+, F, where each F, isa
finite collection of functions in H”(D™). Fix two positive constants 0 <r <t
andlet F;= {z€D": |f2)I<r forall fEF;} and E;= {zE€D": |fz2)| <t
forall f€ F;}. Then there exists Gy, G, " -, Gy open subsets of m, such
that

(1) Go N D" =D"\(UJ=,F) and G;ND" =E; for j=1,2, "+, k

@ m, =ULG;

ProoOF. Let

13
Go = m,\Cl(U Fl)’ Gj = mn\Cl(D”\Ej) for j=1,2,-°,k;
i—
then clearly G, N D" = Dn\(U;"‘=1Fi) and G; N D" = E,. If B mn\(U]"‘=oGj)
then

k k
gec| U F,) n(n Cl(D"\Ej)>.

j=1 =
BE CLU, Fp) = U, CI(F)) implies B € CLF; for some fixed j, say j=
1; consequently, |f(8)l <r forall f€ F,. This implies the existence of a
neighbothood ¥V of B in m, on which |fI<(r+1¢)/2 forall fEF,. We
also have B € C1(D"\E,) which implies ¥V N (D"\E,) is not empty. But,
z € D"\E, implies there is some f€ F, such that |f(z)|=>¢, so zEV N
(D™E,) implies t < |f(z)| < (r + £)/2 <t which is impossible. Therefore,
cannot exist and m, = U= oG;-

5. Interpolating sequences in wedges. Our first example of an a-separated
sequences is given by the following proposition.

ProposITION 5.1. If §= {a;};=, CD isa us. sequence and there ex-
ists T=0 such that SC {z€D: (1 - 1z[*)/11 -22|>7}Nn {z€D: Im(z) >
0}. Then S is a-separated.

PROOF. S uniformly separated implies that
p@; a)) = I(@; — a)/(1 - d,-Ej)l =p for some p,

and Inf;IIZ ;... 0(a; a;) > O; so there exists M such that =721 - p(g;, ¢;) <
M forall i
Let

z-a zZ-g;

l—zal- l-zai

o2) =

Then
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G €H D), lol<1, af@)=0

and
le(@)| = p(a;, a)p(a;, a)) > p2.
(This last inequality follows from the fact that since Im(g;) >0 and Im(g) >
0, p(z'ij, ;) = p(a;, a;).) Standard arguments show that
= (1= 2%)i(1 - la;?)

L 1o = I e =g

converges uniformly on compact disks in D.
Finally,
I(1 = ad)I(1 = lg1?)
u - aj(ai)l = — L] — _1
I(1 = a;a,)(1 aa;)|

_=a}l |1-a7 | (1 - )1 - la?)
1-lag* |1- aa; |1(1 - a;2)(1 - aa)|
11-afl | 1-a3)|
l—lal’,l—aal(l_p(aa'))
|1 ,a; | 11-a
|1““i“ |1—la|’ (1 - p(3;ay)).

A fairly direct calculation again shows that if Im¢; >0 and Ima; >0 then
I(1 - a;a)/(1 —a;a)l <1 so

oo I 2[ oo 2
2z l-o@)I<2 TGP 2 (-p@,a) <M.
j=1j#i J=Lj#i

Therefore, S is a-separated.

COROLLARY 52. If S = {a;};Z, CD is us. and there exists >0
such that S C {z €D: (1 - 1z[*)/11 —2%| > 1} then S is a general interpolating
sequence.

PrOOF. By Proposition 5.1, §; =8N {Z€D:Im(z) =0} and S, =
SN {z€D: Im(2) <0} are a-separated and hence general interpolating sequences.
But §=S§,US, is us. in D and consequently, by Carleson’s theorem, § is
interpolating. Since S, and S, are disjoint subsequences of an interpolating
sequence, CI(S;) N CI(S,)=¢& and we can apply Corollary 4.4.

Our goal is to generalize Corollary 5.2 to a number of different contexts.
We begin by considering the region

W,={z€D:(1- 1zI2)/(11 - z2]) > 7).
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Corollary 5.2 tells us that if S C W, is a u.s. sequence then it is a general inter-
polating sequence. W, is readily seen to be the region in D lying between the
arcs of two circles which intersect at +1. (The circles have centers at *in/1 — 72
and both have radius 1//1 — 73.) In general, we make the following definition.
DEFINITION 5.3. A wedge in D is the region in D lying between the
arcs of two circles which intersect twice on the boundary of D.
Since linear fractional mappings send circles into circles, it is always possible
to find a conformal self mapping of D which maps any wedge into a subset of
a wedge of the type W, = {z € D: (1 — |z|?)/|1 — 22| > 7}. This fact immediate-
ly yields the following generalization of Corollary 5.2.

COROLLARY 54. If SCD isa us. sequence contained in a wedge, then
S is a general interpolating sequence.

DEFINITION 5.5. We will call a region R C D wedge-like if R is contain-
ed in a finite union of wedges.

COROLLARY 56. If SCD isa us. sequence contained in a wedge-like
region of D, then S is a general interpolating sequence.

PROOF. Since S is contained in a wedge-like region, it has only a finite
number of limit points (in the usual topology for C) on T!. Call these limit
points ¢, * -, ¢,. It is clear that there exist constants 0 <s <t <1 such
that for j=1,2,---,k, SN {z€D: |z - ¢jl <t} is contained in a wedge
and is therefore a general interpolating sequence. By Lemma 4.6 there exist
Gy, Gy,° **, Gy opensetsof m; such that G, N D=D\(UJ, {z €D:
|z - ¢;| <s}) while G;ND={z€D: lz-¢,1<¢} and m; = UL ,G,. But
SN G, will be a finite number of points hence general interpolating, and as we
remarked above S N Gj will be general interpolating for j=1,2,---, k. The
corollary then follows from Proposition 4.5.

We can generalize the above results to polydisks with the help of the con-
structive techniques of § §3 and 4.

DEFINITION 5.7. A wedge W in D" is the Cartesian product of n
wedges in D.

If W,={z€D:(1-I22))/(I1 —2%[) >} then it is easy to see that after
application of a coordinate-wise conformal self-mapping of D" onto itself, any
wedge in D" can be considered a subset of W, x W, x -+ x W, = W7 for
an appropriate 7.

DEFINITION 5.8. A subset Q C D" is a near-wedge if there exists a wedge
WCD" ! suchthat Q=D x W. (If n=1, for consistency, we will say
that a near-wedge is just all of D.)

The generalization we are after is:
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THEOREM 5.9. Suppose S C D" is a uniformly separated sequence, then

(a) if S is contained in a wedge in D", then S is a general interpolating
sequence,

(b) if S is contained in a near-wedge in D", S is an (ordinary) inter-
polating sequence.

(Note. If n =1, Theorem 5.9 is just Carleson’s theorem and Corollary 5.4.)
PROOF. Assume m is a us. bound for S. By virtue of the remarks
following the definition of a wedge in D", we may assume all wedges are of the
form, W, x W, x - -+ x W,. The proof progresses through a series of lemmas.
If S isa u.s. sequence in D" and 0<e <1, define the eneighborhood of
S as

UGS, €) = {z €ED": p,(z, a) < e for some a € S}

U(S, €) is the union of an infinite sequence of small polydisks. Since S is u.s.,
if we always assume € < 1/2m, where m isa u.s. bound for S, then it is
clear that the polydisks of U(S, €) will all be disjoint.

LEMMA 5.10. For a given wedge W C D" there exist constants 8, €,, and
My >0 such that for any € < ¢, there exist general interpolating sequences
S, 8y, *, Sy where N dependsonly on €, such that each S; has general
interpolating bound M, and the e-neighborhoods of S, S, **, Sy cover
W (iee WC Uf;lU(S,, €)). Moreover, each S; is of the form S; =R, x
R, x*++ xR, where each R; is us. in D with us. bound 1/5.

PrROOF. We begin by considering W, = {z€D: (1 - 1221)/(11 - 22y = 7}.
Fix a,3/4<a<1, say a=4/5, and consider 0: D — D by o(z) =
(z + a)/(1 + az). o generates an infinite cyclic group of automorphism of D
with composition as the group operation (6~ '(z) =z — a/1 — az). It is easy to
verify that o(W,) = W,, so o*(W,) =W, for k=#1,%2,---. Itisalso
clear that ¢* leaves no point of W, fixed for k = £1,£2,---. Let v, =
{z€W,: Rez=0} and 7; = 0(yy) and let W, be the region of W, bound-
ed on the left by 7, and on the right by 7v,. We will assume W, contains
Yo but not 7y,. Define W, = ok(Wo), k==%1,%2,- -, It is easy to see that
{W, }r=_w isa collection of disjoint subsets of W, and W, = Up=_oWy.
Now suppose z € W,, let zy =z and z, = o*(z) E W, for k=
*1,+2,+--. Thenif k>0, one verifies that

1- 1zl 5 1= Iz, [ _ 1= lo(z,_ )
Y T PN L T PR

<21 - ll®) = 2(1 - 16/25) = 18/25 < 1.

So zy, 2y, z,,* -+ is an exponential sequence in D, hence it is u.s. with u.s.
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bound derivable from the ratios (1 = |z, [)/(1 = |z, _ ) <18/25. Similarly,
Z2_y,2_p, " is us. in D, and it follows that R, = { - - z_,, z_,, ¢, 2,
z,,°+} will be us. with u.s. bound depending only on the choice of a = 4/5.
Hence, there are fixed constants, 8, M such that any sequence of the form R,
will be u.s. with bound 1/8 and consequently a general interpolating sequence
with bound M where M depends only on 6 and 7.

Let €, be small enough so that for any u.s. sequences Q C D with u.s.
bound 1/8, the disks of U(Q, €,) will be disjoint. We repeat that M, 8, €,
depend only on W, and the choice of a = 4/5. Suppose € <e¢,, then we can
cover W, by a finite number, say r, pseudo-hyperbolic disks, Dy, D,, - - -,
D, of p-radius e with centersin W,. Thus, W, C U=, D; and consequently
W, € Uj=,0*(D). If ay, a,, -, a, are the respective centers of D,, D,,

*»D, welet Ry=R, = {0*(@)}g=—_w- Then, the sequences R,,R,," " -,
R, will be general interpolating sequences in D, all with bound M, and
U=1UR;, €©) D W,.

Finally, if §= Ri x R X+ X R, is the Cartesian product of any »
of the R;’s, S will be a general mterpolatmg sequence in D" with general inter-
polating bound M, = M". There are exactly N =r" such sequences, call them
81, 8,7+, Sy. Cleally W, x W, x -+ x W, C UL, UGS,, €). This com-
pletes the proof of Lemma 5.10.

LEMMA 5.11. Suppose T C D" is a u.s. sequence of the foom T =R 1 X
Ry x -+ xR, where R, CD isau.s. sequence with u.s. bound 1/§ for
k=1,2,---,n Let n<8/2, thenif € <%n3, there exist fofa o,
[, EH”(D") such that U(T, €)C {z€D": |f2)I<n%i=1,2,---,n}C
U, n).

PROOF. Let B, € H”(D) be the Blaschke product with zeros precisely
at R;. Then it can be shown (see for example [9, Lemmas 4.2 and 4.3]) that
if n is chosen such that n <§/2, then

{zE€D: IB,(2)I <n°} C {ED: p,(z, ) <n for some a ER;}.

Letting f, € H"(D") be defined by f(¢z(1), - - -, 2") = B, (z(®), the
lemma follows immediately.

LEMMA 5.12. Suppose S is a u.s. sequence of u.s. bound m, T isa
general interpolating sequence of bound M, and suppose n < Min {1/2m, 1/4M}
then S N U(T, n) is a general interpolating sequence.

ProoF. U(T, n) consists of a disjoint union of polydisks of the form
D, = {z€D": p(z, ) <n} where a €T. By the choice of n < 1/2m, there
exists at most one element of S in D,, hence S N U(T, n) can be obtained
by jiggling each point of a subsequence of T a (pseudo-hyperbolic) distance
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< 1/4M. Therefore, by Theorem 3.4, S N U(T, n) is a general interpolating
sequence. »

PROOF OF THEOREM 5%(a). Let €, 8, M, be the constants of Lemma
5.10 which, we recall, depend only on W. Let n < Min {$5, 1/2m, 1/4M,, €4}
and let € < %n3. Then by Lemma 5.10 there exist N sequences T,,T,, -,
Ty (where N depends only on €) such that W CUX U(T}, €), each T,
is a general interpolating sequence of bound M,, and is the Cartesian product
of n us. sequences in D, each with u.s. bound 1/5.

By Lemma 5.11, for each T; there is a family, r;, of n functions in
H*(D™) such that

U(T,, €) C {zE€D": Ifiz) | <n for all f€ F}C U(T;,n).

Applying Lemma 4.6, there exists G, G,, G,," - -, Gy open subsets of m,
such that m, = U ,G; and

N
G, ND"=D"\U {z€D™ Iflz)l<e forall f€ F;}
i=1

N
co\U UT,, e) Cc DM\W,
while =1

G,ND" = {z€D": |fl)| <y forall fE€F;} T UT;,n)
forall i=1,2,---, N. Moreover,

SNGy,=8SNG,ND"CSND"W)=¢g
while
SNG,=8SNG,ND"*CSNUT;,n)

which, by Lemma 5.12 and the choice of % is a general interpolating sequence
for i=1,2,:--, N. Therefore we can apply Proposition 4.5 to demonstrate
that S is a general interpolating sequence. This completes the proof of part (a)
of Theorem 5.9.

The proof of part (b) requires much of the machinery set up for part (a),
so to avoid confusing changes in notation, we assume S C W x D C D"*! jsa
u.s. sequence in D"*! of us. bound m, where W is the same wedge we used
in part (a). Under these assumptions, the constants €y, M,, 8 and the sequences
of Lemma 5.10 and the constants and functions of Lemma 5.11 can be used
again. We must, however, modify Lemma 5.12. Using the notation of §3, we
recall that a u.s. sequence in D with u.s. bound 1/§ is interpolating, with
interpolating bound 1/k(5). (This is the Shapiro and Shields estimate [14] for
Carleson’s theorem.)
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LEMMA 5.13. Suppose S C D! isu.s. with u.s. bound m, and T C
D" is a generdl interpolating sequence with bound M. Let € <(1/4mMu(1/4m) and let
U'(T, €)= U(T, €) x D. Then SN U'(T, €) is an interpolating sequence.

PROOF. U'(T, €) consists of “narrow polydisks” of the form

P,= {z, WED" xD: p,(z,a)<e} for a€T.

For each a €T, S N P, satisfies the hypothesis of Corollary 3.6 and therefore
T,p1(S NP,) isus. in D with us. bound 4m. So by the Shapiro and Shields
estimate, m,, (S NP}) is interpolating in D with bound 1/k(1/4m). By the
remarks following Proposition 4.1, since T is a general interpolating sequence
with bound My, Q = {a x 7, (S N P;): a € T} will be an interpolating se-
quence with interpolating bound M/k(1/4m). If s€S N U'(T, €), then s €
SNP, forsome a€ T, and

(g, My, GNEaxm (SNP)HCQ

and
Prs1G @, myy () < e < (1/4M)k(1/4m).

Moreover, since S is a u.s. sequence with bound m, {a, m,, ,(s)> will have to
be the only point in @ which is within a pseudo-hyperbolic distance € < 1/4m
of s. Therefore, the points of S N U'(T, €) can be obtained by jiggling a sub-
sequence of the points of Q a pseudo-hyperbolic distance less than
e < (1/4M)k(1/4m), where M/k(1/4m) is an interpolating bound for Q. Con-
sequently, we can apply Theorem 3.3, and it follows that S is an interpolating
sequence. This proves Lemma 5.13.

PROOF OF THEOREM 59(b). The rest of the proof of part (b) of Theorem
5.9 mimics the final part of the proof of part (a). Wehave SCW x D isa
u.s sequence with u.s. bound m. Let €y, 8, M, be the constants of Lemma
5.10,let 1 < Min {eqy, 1/28, (1/4mMy)k(1/4m)}, and choose € < 1/213. Then
by Lemma 5.10 there exist N sequences T, T, -+, Ty such that W x
D C UX ,U'(T;, €) where each T; is a general interpolating sequence, of bound
M,, and is equal to the Cartesian product of n u.s. sequences in D, each with
u.s. bound 1/5. By Lemma 5.11, for each T;, we have a family Fi of n
functions in H*(D"*1) such that

U(T,, €) C {z€D": |fiz)l <n? for all fE F;}C U (T, n).

Applying Lemma 4.6, we get H,, H,,- - -, Hy open subsets of m, ; such
that m, 4y =UiLoH; and
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L]

N
HynD"t! =D""'\.Ul {zeD"1: |fz) <e forall f;€F;}
i=

N
cp™\ U UT, ) CD"I\(W x D)

i=1
and
H,ND" 1 = {zeD"!: |flz)| <n® forall f,€ F;}
CU@Tun) for i=1,2,---, N
Moreover
SNHyCSND"""\WxD)=¢g
while

SNH,CSNU'T;,n)

which, by Lemma 5.13 and the choice of 7, is an interpolating sequence for
i=1,2,--+, N We can therefore apply Proposition 4.5 from which it follows
that S is an interpolating sequence. This completes the proof of Theorem 5.9.
We can extend the results of Theorem 5.9 in a number of ways.
DEFINITION 5.14. A region V C D" will be called wedge-like if it con-
tained in a finite union of wedges in D". A region V' C D" will be called
near wedge-like if V' =D x V where V is a wedge-like region in D"~1,

COROLLARY 5.15. Suppose S is a u.s. sequence in D", then

(a) if S is contained in a wedge-like region of D", it is a general inter-
polating sequence,

(b) if S is contained in a near wedge-like region of D", it is an inter-
polating sequence (w.r.t. C).

Finally, we point out that a careful examination of the proof of part (a)
of Theorem 5.9 reveals that the hypothesis that S is u.s. was used only to show
that S N D, contained at most one point, where D, was a polydisk of small
pseudo-hyperbolic radius. Clearly, a much weaker hypothesis than uniform sepa-
ration will suffice.

THEOREM 5.16. If S C D" is a sequence with the property that
Inf {p(s, £): 5, t €S, s ¥t} >0 and S is continued in a wedge-like region in
D", then S is a general interpolating sequence.

(In 1971, Tse Kam-fook [15] pointed out that pointwise separation in the
pseudo-hyperbolic metric is sufficient for interpolation (w.r.t. C) inside a wedge
in D. Theorem 5.16 is a broad generalization of this observation.)
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6. Examples of a-separated sequences. We give a few examples of sequences
(primarily in D) which satisfy Definition 2.4 and are therefore general interpo-
lating sequences. One of the examples will show that a-separation is not necessary
for general interpolation, at least for sequences in D" where n > 1. When
n =1, it is not clear whether there is a distinction between uniformly separated,
a-separated, and general interpolating sequences.

We first give a very strong condition under which sequences are a-separated.

DEFINITION 6.1. A sequence {a,-}';"=l C D" is Tl-separated if there exist
LHEH (D™, IfI<1 and
{0 if i#j

§,>0 if i=j and H6i=p>0.

i=1

fia) =

(This condition is suggested by a more restrictive condition which A. Dufresnoy
showed was sufficient for interpolation w.r.t. C.)

PROPOSITION 6.2. A Il-separated sequence in D" is o-separated.

ProOF. Let {g;};=, be Il-separated and let f;, 6, p be as in the
definition.
Let

8i2) = (6; ~ £2)/(1 — 8, £z)).

Then g; € H™(D"), lg;l <1,84a;) =0 and ge)=8,=p if i #j Con-
sequently

le—gi(a)l—l+ > a-sy< 1+2(1-a)<1n‘+1

i=1i#j i=1
Now we can assume &, # 1, and if i#1,f(a,) = 0. This implies
If{@| < p(z, a;), so for each compact polydisk CI(D"(r)) C D" there is a con-
stant R, = Max {p(z, a,)Iz € CI(D"(r))} so that |fi(z)| <R,. Consequently,
| 1-8,/(z) =8, +f2) 1-5) 1+ £l

Il -g) = | - AT R ]
and [1-g(2) <(2/1-R,)1-8,) forall z in CI(D"(r)) and i> 1. There-
fore

le—g,(z)l<2<l+l 3 a- 1)><2<1+11R 1nl>
i=1 R, i=2 r P
for all z € C1(D"(r)). Therefore the g;’s satisfy all the conditions necessary to
make {g;};2, o-separated.

It should be noted that although one can construct Il-separated sequences,
Il-separation is a very strong condition since the pseudo-hyperbolic distances be-
tween points in the sequence must be rapidly increasing. In fact, the minimum
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pseudo-hyperbolic distance, d;, between a; and any other point of the sequence,
must tend to one at a rate which is at least fast enough to insure IT;Z,d; > 0.
Many interpolating sequences in D do not have such increasing distances between
points. For example, even sequences tending exponentially to the boundary are
not necessarily Il-separated. Indeed, if a, = 1—7" where 0<r<1, then

a-rth-a-m -t 1-r
P@y, 8y41) = 1-(A-F )1 -r) P+l 2l T pitl

S0 p(@,, @, ) — (A =1/(Q+71) as n—> oo,

We mentioned that the result of Corollary 5.16 in the case of sequences in
D which were interpolating (w.r.t. C) was obtained by Tse Kam-fook. His
observation was based on an earlier result of D. Newman [12] which stated that
if $= {a,}p=1 CD converges nontangentially to the point 1 and Infp(a;, a;) >
0, then a necessary and sufficient condition that S be an interpolating sequence
(and hence, as we have seen, a general interpolating sequence) is

™) The set {(1 - a,)/(1 —a,,): a,, a,, €S, n # m}
does not have 1 as a limit point.

By a, — 1 nontangentially, we mean that 4, — 1 inside a wedge. We
say that @, — 1 tangentially if {a,},_, is contained in no single wedge, i.e.

...la |2
Inf————yl— 0.

We show that under somewhat stronger tangential behavior (N) will be sufficient
to guarantee general interpolation.

PROPOSITION 6.3. If
- la |2
-2 a,l

and {(1-a,)/(1~a,):a, a, €ES;n#* m} does not have 1 as a limit point,
then S is a-separated and consequently S is a general interpolating sequence.

S=1{a,},—, CD and Z =M< oo

PrOOF. Let
r=Inf{l1-Q1 -a,)/1—-a,):a, a, €S, n#+m};
then r > 0. Let

_ i G2
%A=L T-a,z -

If n#m, suppose |(1-a,)/(1~-a,)I<1; then
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o, @)l = la, (@) = >y ;-"
_ (1—,,,) (1-a,)| | 1-a, |
- -a, l(l -a,,) +a,(1-a,)|
_ 1 —a, 1
- l—l—am 1+a,(0-a,)/(1-a,)
=r 1 r

TFI0-a)d-a) 2"

So condition (1) and (2) of the definition of a-separation are met. The hypoth-
esis guarantees the convergence of the Blaschke product with zeroes at {a,},—,,
so condition (4) is also met.

Finally, if n#m,r<1-(1-a,)/(1-a,) = @, —a,)/(1-a,), so

1=la,l
Il—an(am)l=m||a |+ a,a,l

1-la,l | 1-a, || an

=gl fa =[]

a1 la|2|1+a|<21-lal
Tril-a? 1+la,l ril-ail

S0 Zy o1 nemll — 0,(@,,)l < 2M/r and condition (3) is met; hence S is
a-separated.
An example of a sequence satisfying the hypothesis of Proposition 4.18 is

given by the following “doubly exponential” sequence:
S = {a,};=, where a, € {z: 1-[z|=r]}N {z: |1 -z| =1}}
' where 0<r, <r, <1.
On the other hand, the sequence, T = {bn}:=l where
b,={z: 1=zl =1/n*}N {z: |1 = z| = 1/n} N {z: Im z > 0}

is an example of an a-separated sequence which satisfies all the hypotheses of
Proposition 6.3 except condition (N).
We note that Corollary 5.4 and Proposition 6.3 exhibit u.s. sequences in D
with extreme tangential and nontangential behavior as general interpolating sequences.
In 1956, A. G. Naftalevitch described a method of constructing u.s. sequences
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in D [11]. He showed that if {a,},_, is a nondecreasing sequence of points
in the interval = (0, 1) such that Z;_,(1 —a,) <o “then one could construct
a us. sequence, {\,};—,, with [\,|=a,. Using a somewhat simpler argument,
we obtain a similar, slightly weaker, result for a-separated sequences.

 THEOREM 64. Suppose {a,},—, is a nondecreasing sequence of points in ‘
I=(0,1) and Z;_,(1-a,f < forsome p <1, then there exists an o-
separated sequence {\,},—, C D such that \,| = a,.

PROOF. We may as well assume p >%. For k=1,2,3, - let
L,={x€l1-1/2"1<x<1-1/2F})

By throwing out a finite number of points of {a,},—,, we can assume the
sequence {a,},—, is embedded in another nondecreasing sequence of points in
I, {8,}—,, where {B,},-, has the following properties:

(1) B,=>1-1/2Y for some fixed N,

) q29P<L Zger, (1= for k=N N+1,---,

@) T2, - 8P <%
(To see how to do this, take N such that Zj_,(1/2%)!~P < 1/8, and throw
out a finite number of points of {a,} so that ¢, =>1- ®%) forall n and
2,(1 - a,)P <%. Since p =%, (1/2%P < (1/2¥)'7P; so for each k, k=
N,N+1,---, there exists an integer 7, such that

1129172 <7 (1/2FP <2(1/2%)' 7.

Construct the sequence

o 1 1 1 1

{7}= ={I—T,“',l—’w,"’,l"_f,"',l'__E,

r=t ¥2 —~ 2,4 \2 ~ 42/
ry times r, times

then
(51?)"” <X a-yp= rk(glk-)” < 2<—2‘7;>"” :

Let {B,},=; be the sequence obtained from the points of {v}Z, U{e}:Z,
reordered so as to form a nondecreasing sequence. Then
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S a-6P=Z -y + T a-ny

<4+2 ZN( ) <%.

The other two properties of {f,},,—, are easily verified.)

We construct a sequence {\,},—, CD such that {\,};_, is a-separated
and \,|=8, for n=1,2,-"-

Let

01 = Z (I-Bi)p9 02=2 (I-Bi)p9 St an=z: (I—Bi)p".'
i=1 i=2 i=n
and let N E {z€D: |z| = ﬁi} N{ze€A:|1-z|= o,-}. (Note that o; >
Q- BY >1- B; so the above intersection is nonempty.)
If k>m,

k—1
Ml =NI= 1 =Nl =0, =0, = 2 (1-B,).
n=m
Similarly, if & <m, then [\, — 7, | = 2] (l—B Y.
We define a, € H”(D) by
N, Az
%@ =5 T-%z

then la,(2)I <1 forall z a,(\,) =0, and since =,_,(1 - I\,l) <o the
usual arguments show Z;_,(1 — ,(z)) converges uniformly on compact subsets
of D.

We are interested in Z;_,11 —a, (A )l If n#k,

_ 1- I)‘kl -
I1- Q”Qk)l = F'i'——l l)\”l + AN

n)‘kI
I-ID A-8) [A—N
TR W R TWEP W FE W
1-8,
<2 D\ -7\]"

Now fix k. We consider three separate possibilities.
Case 1. n >k, then



392 E. P. KRONSTADT

1 1-8, 1-8,
21! "O‘k)"gz;':,c ﬁ)”< (=K1 =B,y )
1-8, _(=8)""
S@-P-6Y  n-k
(1 n k)l—p
n—-k :
So .
oo - -p
> ,.o\k)mzz(—ﬁ—
n=k+l ]

but (1-)'"? is p/(1-p) summable (p >% implies p/(1-p)>1) and
1/j is ¢ =p/(2p — 1) summable; so by Hélder’s inequality,

o -— 1-p
bD -, <2 Z '(i'

n=k+l
00 (1-' )/ oo l/q
g0 G e
I’=l j=l ]

Cases 2and 3. n <k, assume D|=B €I, ie. 1/ <(1-8,)<
/21,

Case 2. 1=\l =(1~B,)<1/272. Then (1-8,)<4(1-B,), and,
therefore

1 Dyl ___1-6 41 -8y

- "(*k)'gn\,. el SZEIA-BF G- -Bp)
41 -B,) _4(1"31:)1_” <4(1”5k-n)l_p

GC-m(1-ByY  k-n k—n :

<

So

oo — 1-p
I1-a,A )l <8 Z-(——B,l—<801

{n:BneIl-_ lUI]-;n<k}

Case 3. \,| =B, EIyU---UL_,, ie. (1-8,)>1/272

> 11 -, )l

{n :ﬁnGINU...UII-_ 2}

= z + Z +--- 4+ .
{n:8 €1y} {”‘BnaN-{-l} {"13,3511_2}



INTERPOLATING SEQUENCES IN POLYDISKS 393

If B, €1,

1- SR S B
I STETT-8P < 0

[ S

where 0= Zger  (1-BF > (1/2 1H)1=2 (by the second property of the
sequence {B;};— )
But B, €1; implies (1 -8,)<1/2"!. So

(1-g)'?
% 11 =, <'(-1-/'§T)1:p— (1-8y

i—1\1-p
<G -8y <40-p,p.

Hence

BnezNg.:..uIi_z - e, <8 rz=:1 (120 <4
Consequently Z7_,I1 —a,A)I<4+8C, +1+C, =9C, +5.

The proof is complete except to point out that in case (1) we showed that
if n>k,11-a,0)<1-8, <% hence la,(A)l=>%. Clearly, if n <k,
la, I = log (A1 = %, so property (2) of Definition 2.4 is satisfied.

REMARK. An application of Theorem 6.4 shows that general interpolating sequences
in D" (n>2) need not be a-separated. Recall that in D, a sequence S =
{g;}i=, is us. iff

Inf II

toi=1j#i

a _a. ©o.
li_ L l =Inf [l »(; a) > 0.
i% L j=nj#i

Since the metric, p, is defined in D", we can define a sequence § = {g;};2,
in D" to be “product uniformly separated” (p.u.s.) if Inf;IIZ ... 0(a; a;) > 0.
If SCD" is a-separated (with a,, a,, a3, - the functions of Definition 2.4),
then p(a; ;) > lo(a;)l, and the remarks following Definition 2.4 guarantee
Inf; I ) 12:0(@; @) >0, so S is p.us.

Since p.u.s. is equivalent to u.s. and hence interpolation in D, one might
ask whether u.s. sequences in D" are p.u.s. and whether p.u.s. sequences in D"
are interpolating (w.r.t. C). We use Theorem 6.4 to give an example of a general
interpolating (hence u.s.) sequence in D? which is not p.us. Since the sequence
is not p.u.s. it is not a-separated, so a-separation is sufficient but not necessary
for general interpolation in D" for n = 2.

Let §; = {\,} CD be the a-separated sequence constructed by Theorem
6.4 with the property that A,|=1- 1/n%. Then S, is a general interpolating
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sequence and by Proposition 4.1, §=8§, x §, C D? is also a general interpolat-
ing sequence (and consequently interpolating and u.s.). We show that S is not
p-u.s.

Noting that A; = 0, consider

3 (1= 5,00, 0,04 W) > 3 2(1 = (0, 0, (A A)

i,j=1 i=2 j=1
i

N N i
=2 2 -p0)=F X A-ND

i=2 j=1 i=2 j=1

1
i

[V]Z

i
&

]
[V]Z

i=2

..
1l

2

Consequently, the sum X A A,Jes(l = p2((0, 0), \;, A)) diverges, hence

I1 p2(, 0) =0,

h=()\,-,)»j)ES;7\¢0
and S is not p.us.

7. Other contexts. In this section we briefly outline applications of the
above results to contexts other than that of bounded analytic functions on poly-
disks. First we simply replace D" with a multiply connected region of C, then
we replace the uniform algebras H”(D™) by an arbitrary uniform algebra A.

Let Q be an n-connected region in C, bordered by n simple closed
curves Cy, Cp,*++, C,. Let Q,,Q,, **,Q, be the complements in the
extended plane of the closures of the components of the complement of £ with
09, = C;.. Denote by H™(R), H*(Q, A), H(R;), and H™(Q;, A) the algebras
of bounded analytic C and A valued functions defined on £ and ;. We
can define interpolating, general interpolating and uniformly separated sequences
in Q in a natural manner.

Let ¢,: Q, — D conformally with ¢,(z) — T' as z — C; (recall
T! = {zE€C: |z| = 1}) and define ¢: Q—>D" by ¢(z) =(§, ), $,2), " * , P, ).

DEFINITION 7.1. Wesay W C Q isawedgein Q if ¢(W) is contained
in a wedge in D".

THEOREM 7.2. Suppose S = {a;};=, C Q isu.s., then
(a) S is an interpolating sequence,
(b) if S is contained in a wedge in S, S is a general interpolating sequence.

PROOF. First we show that ¢(S) is u.s. in D".
It is well known that there exists a constant P depending only on £ such
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that f€ H”(Q2) and Ifl1 <1 implies the existence of f}, f,,° ", fi fx €
H(Q;) and lfl <P such that for z € Q, fiz) = Zh_ £, ).

If f;€H"(Q) and II<1 and fi@) = 1/M and ffa) =0 if i#},
then f; = Z=1fik’ fikGH”(Qk), I £j, I < P. Define FiGH"(D") by

n
F®, -, 2= B f,06' .

Then IF;l <nP and

Fi(¢(@)) = k§=:l @5 ' @i @)

n

"Z

@ =sey= g™ § 12
so ¢(S) isu.s. in D",

For case (b) this is sufficient, since ¢(S) is uniformly separated and con-
tained in a wedge, and Theorem 5.9 can be applied to show ¢(S) is a general
interpolating sequence in D". Since ¢ is an analytic map from Q to D", §
will be a general interpolating sequence in €.

For case (a) we note that |§;(z)| — 1 for some k implies |¢;(z) will
be bounded away from 1 for j# k. Therefore, if S; is a sequence in Q with
all its cluster points on Cj, and Sj' is another sequence in 2 with all its cluster
pointson C; UC, V- UC_ UG Gy U+ UC,, then CI(S)NCI(S) =
&. Consequently, by using Corollary 4.4, we can assume S has all its cluster
points on C;. In that case, there will exist €, such that [¢,(S)| <1—-e for
i=2,3,-:,n So,if 0<7<¢/2,(S)CD x W, x W, x-++x W,. Where
W, = {z €D: (1 - zI>)/I1 —z%| > 1}. Thus, ¢(S) is contained in a near-wedge
in D", and by Theorem 5.9, is an interpolating sequence. As above, this implies
S is an interpolating sequence in .

DEFINITION 73. If z, w € Q define the pseudo-hyperbolic distance, pq,
between z and w tobe pg(z, w) = Sup {If2)|: FEH™(Q), IfI <1, Aiw) = 0}.

COROLLARY 74. Suppose S = {a;};~, is a sequence in 0 with the
property that Infy,;pq(a; a)) > 0. If S is contained in a finite union of wedges
in S then S is a general interpolating sequence.

PrROOF. We note that there is a constant M, depending only on 2, such
that for any f€ H(S2), where lIfll <1, there exists F € H*(D") such that
IFI<M and Feo ¢ =f (The proof of this fact is exactly the same as the
argument of Theorem 7.2 that the image under ¢ of a u.s. sequence in Q is
us. in D"; M = nP.) Consequently, for any z, w, p,(6(2), (W) = (1/M)pg (z, w).
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Therefore, ¢(S) satisfies the hypothesis of 5.16 and is a general interpolating
sequence, from which it follows that S is a general interpolating sequence in 2.

As a final generalization of the results of the first six sections, we note that
H™(D™) is just a uniform algebra and D" is a subset of its maximal ideal space,
My,

DEFINITION 7.5. If A is a uniform algebra with maximal ideal space m,,
a discrete sequence, S = {¢;};=, C m, is an interpolating sequence for A4 if
the map T: A — I given by T(X) = {X(a)};—, is surjective. If S isan
interpolating sequence for A, we again will have a constant, M, with the prop-
erty that if {N\};2, €I and Sup; N\ <1, then there will be X €4 such
that IXI <M and X(g;) =N, M will be called an interpolating bound for S.

We note that the functions in 4 are all C valued, so we will be interested
only in “simple” interpolating sequences.

DEFINITION 7.6. A discrete sequence S = {4;};=, C m, is uniformly
separated for A if there exists a constant M and elements, X, X,, -+ € A4,
such that for all i IX;Il <M, X,(a)=1, and X a)=0 for j#i M is
called a u.s. bound for S.

We noted that for 4 = H*(D™) and S C D", we had no example of a
u.s. sequence which is not interpolating. However, if A(D) is the algebra of
continuous functions on the closed unit disk, D, which are analytic inside D,
and S is a sequence contained in D which is u.s. for H”(D) and has a finite
number of limit points in D, then S is u.s. for the algebra A(D), but it is not
an interpolating sequence for A(D). The problem is that unlike in H™(D),
there are no functions in 4 which “adhere” to bounded sequences of functions.
This difference suggests a minimal necessary condition that a sequence be inter-
polating:

PROPOSITION 7.7. A necessary condition that a sequence S C m, be
interpolating is the following weak adherence condition:

There exists a constant M such that for any sequence of
elements {X;};_, in the unit ball of A, there exists

W) X €A with IXI <M such that a subsequence of the
{X;}i—~, converges pointwise on S to X.

PRrROOF. The proof follows from the definition of interpolating sequence
and the following lemma.

LeEMMA 7.8. For {)\(")};=l a bounded sequence of elements of I”,
there exists a subsequence which converges “pointwise” to an element in 1I”; ie.
if A0 = (\®N2 then there exists an mdexmg set ky, ky," - and a se-
quence N = {N}—, €I such that )\i kP —>)\, for each i.
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PrROOF. The proof follows from a standard diagonalization argument.

It is well known that the algebras H”(D) and H™(D™) are sequentially
compact with respect to pointwise convergence in D (or D"). This is, of course,
a much stronger statement than assertion (W), indeed it implies that (W) holds
for any subset of D (or D") and in all cases M = 1. On the other hand, as
we have seen, condition (W) is not satisfied by sequences in D for the algebra
A(D).

Lemma 3.2, Corollary 3.4, Theorem 4.3, Corollary 4.4, and Proposition 4.5
and their proofs all have direct and natural analogues for interpolating sequences
in m,. We do not know of any neat hypothesis (like that of Theorem 5.9, for
example) under which u.s. implies interpolation. However, we do have a general-
ization of Theorem 2.5. -

DEFINITION 79. If A is a uniform algebra and S = {a,},;_, C m,,
then S is a separated if there exist constants M and p > 0 and a sequence
{o,}7—, €A such that

(1) le,I<1 forall n

) a,@,)=0 but la,(eg,)>p if n#*m.

3 Z- 1 -a,@,)l <M foral m.

(4) Condition (W) holds for S.

THEOREM 7.10. If A is a uniform algebra and S is an a-separated se-
quence in m,, then S is an interpolating sequence for A.

PROOF. S a-separated implies condition (W) holds, so let My, be the
constant associated with condition (W) for S. We first show that S is u.s. For
fixed j, consider

XN=1] o,

N
l .

n=1; n¥j

XV €4, IKI<1 and x¥(@,)=0 if n#j and 1<n <N, while (3) of
Definition 7.8 implies Ix;’-v (a)| > e M/P_ Applying condition (W) to {x}v YN=j+1
we get X; €4, lejll <My, such that xi(a,)=0 if n#j,n=1,2,--- and
Ix(a)l > e~M/P. So § is u.s. with bound 1/8 = MM/ Therefore we can
define f, f,,--- €A such that I!fill <1 and fi@) =0 if i#]j, and
fe)=0.

The rest of the proof proceeds in a manner similar to the proof of Theorem
2.5 (see Theorem 2.2 of [10]) except that we have no guarantee that the infinite
products involved will converge. Hence we must show that interpolations can
take place on finite subsequences and that all these interpolations can be perform-
ed with functions of a given norm. An application of condition (W) then yields
the final results.
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